We consider the Abelian Higgs model in 3+1 dimensions with vortex lines, into which charged fermions are introduced. This could be viewed as a model of a type-II superconductor with unpaired electrons (or holes), analogous to the boson-fermion model of high-T c superconductors but one in which the bosons and fermions interact only through the electromagnetic gauge field. We investigate the dual formulation of this model, which is in terms of a massive antisymmetric tensor gauge field B µν mediating the interaction of the vortex lines. This field couples to the fermions through a nonlocal spin-gauge interaction term. We then calculate the quantum correction due to the fermions at one loop and show that due to the presence of this new nonlocal term a topological B ∧ F interaction is induced in the effective action, leading to an increase in the mass of both the photon and the tensor gauge field. Additionally, we find a Coulomb potential between the electrons, but with a large dielectric constant generated by the one-loop effects.
I. MOTIVATION
Vortices and vortex lines appear as solutions in the field theoretic description of many physical systems, from quantized vortices in superfluid Helium [1] [2] [3] [4] [5] and Bose-Einstein condensates to Abrikosov lattices in type-II superconductors, all of which have been observed.
They also appear in field theories which describe high energy physics, e.g. as cosmic strings which appear in many gauge theories including grand unified theories [6] [7] [8] [9] , or as color flux tubes which are conjectured to appear in non-Abelian gauge theories such as QCD, leading to color confinement [10] [11] [12] . In this paper we will be interested in the interaction of charged fermions with vortices, which appears in the description of different physical systems.
Type II superconductors allow magnetic flux to pass through in the form of lines of quantized flux [13, 14] , a phenomenon which has been experimentally confirmed [15] [16] [17] including in high-T c superconductors [18] [19] [20] . The phenomenon of superconductivity at high temperature has remained mysterious since its discovery in cuprates [21] , the Bardeen-Cooper-Schrieffer (BCS) description of low-temperature superconductivity [22] [23] [24] cannot explain it. The typical features of a high temperature superconductor (HTS) are expressed through a phase diagram [25] [26] [27] which looks like Fig. 1 . In the absence of doping, the cuprate material remains anti-ferromagnetic (AFM) and insulating. As doping is increased, anti-ferromagnetism does not persist and at small doping concentration and below a temperature T * a gap opens up in the electronic energy spectrum, which is called a pseudo gap [28] [29] [30] . As doping is increased further, superconductivity (SC) starts to appear beyond this gap. The presence of a pseudo gap above T c and very small coherence length (∼ 10Å) [31] indicates the formation of localized bosonic pairs of fermions (preformed pairs [26, 32, 33] ) below T * and their condensation below T c . Based on this idea of preformed pairs, a phenomenological field-theoretic model of high temperature superconductivity was proposed by Friedberg and Lee [34, 35] . In this field theory there are localized pairs, described by a bosonic field φ of charge 2e and mass ∼ 2m e , where m e is the mass of the electron. These bosons are unstable and decompose into pairs of electrons with opposite spins and these electrons recombine to form bosons. Thus in a large system there is always a macroscopic distribution of bosons coexisting with fermions following their respective statistical distribution laws. At temperature below T c these bosons condense, i.e. there is a large number of bosons in the zero momentum state which coexist with fermions. This type of system with bosons and fermions coexisting in thermal equilibrium is generically referred to as boson-fermion (B-F) model.
Apart from their use in models of high-T c superconductors [36] [37] [38] [39] [40] , mixtures of bosons and fermions are studied in many other contexts as well, both experimental and theoretical. Experimental work on the properties of a mixture of Bose and Fermi gases include study of quantum degeneracy [41] [42] [43] [44] and interactions [45] [46] [47] . Boson-fermion mixtures of dilute atomic and molecular gases at low temperatures are also studied theoretically in optical lattices to study their quantum phases including superfluid-insulator transition [48] [49] [50] [51] .
Boson-fermion systems also appear in studies of superconductor-insulator transitions [52] [53] [54] , of BCS-BEC crossover [55, 56] , of charged Bose liquids [57] , etc.
The boson-fermion model of Friedberg and Lee closely resembles the Abelian Higgs model [58] [59] [60] [61] as a field theory, including the appearance of vortices [35] . These vortices carry quantized magnetic flux, as can be derived from the minimum energy condition. The Abelian Higgs model in 3+1 dimensions contains vortex lines [62] which are minimum energy solutions of the field equations with topologically nontrivial boundary conditions. The interaction between these lines, or strings, is mediated by a 2-form (2-index antisymmetric tensor) gauge potential B µν called the Kalb-Ramond field [63] . In the symmetry broken phase and when vortex strings are present, the Abelian Higgs model can be written in terms of the string world sheet and the 2-form gauge field B µν using dualization [64] [65] [66] [67] [68] . Our goal for this work is to do this with fermions, i.e., to dualize the boson-fermion system in presence of vortices and reach what should be a useful starting point for the interaction of vortex lines with unpaired charged fermions.
Of particular interest is the coupling between the 2-form gauge field B µν and fermions.
In an earlier work it was proposed that the 2-form field couples nonlocally to a topologically conserved current of the electrons [69] ,
where J µν = µνρλ ∂ ρ (ψγ λ ψ) is the 4-dimensional "curl" of the conserved fermion current.
The nonlocal current 1 J µν , more specifically its {0i} component, contains the spin magnetic moment density as a contribution from the spin part. Then we can say that the coupling B 0i 1 J 0i corresponds to a spin-spin interaction mediated via the 2-form gauge field B. If we find this interaction here, we will be able to say that we have found a local theory, namely that of the boson-fermion mixture, which has a description containing this "spingauge interaction". The electrons interact via photons as well, and quantum corrections due to fermion loops give rise to an effective B ∧ F interaction. This term is central to the topological mass mechanism in 3+1 dimensions [70] , analogous to the Chern-Simons term in 2+1 dimensions [71] [72] [73] which can also be generated by fermion loops [74] . We will be working with the Abelian Higgs model in the broken phase, in which the photon is already massive. Thus we expect that the mass of the photon will only be modified in this case. However, the B ∧ F interaction and its lower dimensional version, the mixed Chern-Simons action, have also been useful in theories of topological superconductors, topological insulators, and quantum Hall effect [75] [76] [77] [78] [79] [80] [81] . Our results should be useful for these systems.
The outline of our paper is as follows. In Sec. II we dualize the Abelian Higgs model in the presence of vortex lines (strings) and charged fermions which couple through electromagnetic interactions, culminating in a nonlocal dual Lagrangian involving strings and the 2-form field which mediates interstring interactions. In Sec. III we derive the effective action by taking into account 1-loop corrections due to fermion loops. This generates a B ∧ F interaction, which affects the propagators of both B µν and A µ . Then in Sec. IV we calculate the static potential between nonrelativistic fermions taking into account all the interactions as well as the 1-loop correction and end with some comments.
II. DUAL LAGRANGIAN FOR BOSON-FERMION SYSTEM
We first determine the dual of the field theory describing a boson-fermion system in the presence of vortices. Even though all particles in this system move non-relativistically, we will work with a four dimensional relativistic field theory. This is because the field theoretic duality we consider is most conveniently constructed in four dimensions and for relativistic theories, and also because we will be able to use several standard results from usual quantum electrodynamics.
We start with the Abelian Higgs model where the gauge field A µ is minimally coupled to unpaired charged fermions in addition to the complex scalar Higgs field. The Lagrangian of our system is thus
As is well known, topologically stable structures like vortices or flux tubes can appear in this theory because the circle on which φ lies at its minimum is mapped on a circle at infinity. If there is a vortex in a plane, corresponding to a flux tube cutting through the plane as we will consider, the phase of φ becomes multivalued as we go around a circle at infinity. The vacuum condition D µ φ = 0 then leads to quantization of magnetic flux in the vortex,
where C is a circle at infinity and n is the winding number, i.e., the number of times the phase of φ winds around the vortex. It is a topological quantum number and describes the quantization of topological charge, while 2π q is the quantum of magnetic flux passing through the vortex. To consider vortices explicitly we express φ in polar form,
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The function f vanishes along the core of the flux tube and reaches f = 1 far from the core region 1 . The Lagrangian, including a gauge-fixing term, then takes the form
We shall dualize the theory, starting from the partition function
The duality transformation takes us from the Higgs picture above, where the degrees of freedom are adequately described by a a charged Higgs minimally coupled to the electromagnetic gauge field, to an equivalent vortex picture in which vortices interact through the second rank antisymmetric tensor Kalb-Ramond field. To implement this we first linearize the term
by introducing an auxiliary field through a Gaussian integral into the partition function as
Then we can write the partition function as
As mentioned earlier, the phase χ is multivalued around a vortex string and the value of χ changes by 2nπ as one goes around the vortex string n times, n being the winding number.
So we decompose χ = χ r + χ s , where the superscript s indicates the singular part of χ describing a vortex configuration and r denotes the regular part which is single valued and corresponds to fluctuations around a given vortex configuration. By doing an integration by parts on the term C µ f ∂ µ χ r we can shift the partial derivative onto C µ f and then integrate over χ r producing a delta function. Thus we can write
The delta function can be solved by introducing an antisymmetric tensor (2-form) potential B µν and setting C µ = 1 2f ε µνρλ ∂ ν B ρλ , which allows us to write the partition function as
(2.9) 
This expresses the location of the vortices in the X − Y plane. By dualizing it we get the world sheet of the vortex line in 3+1 dimensions,
X µ are the coordinates of the world sheet of the vortex line and dσ µν = dτ ds ∂(X µ , X ν ) ∂(s, τ ) is the surface element over the world sheet. Thus we write the partition function as
(2.12)
Next we rename the currents q 2 ε µνρλ ∂ ν B ρλ = J µ H and eψγ µ ψ = J µ ψ , separate out the terms which depend on A µ from the rest of the partition function and then integrate over A µ ,
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Here ∆ µν is the Green function corresponding to the operator
In momentum space it is given by
We will suppress the +i in what follows, but it is present in each of the propagators appearing below. The integration over A µ has produced a normalization factor N which does not contribute to the rest of the partition function. We can thus write the action as
We can further simplify the last term. Note that since J µ H is a (topologically) conserved current, the second term in ∆ µν annihilates it, so we can write
as well as
In order to understand the remaining part, which is quadratic in the fermion current J µ ψ , we note that it is exactly what we would get if we integrate over A µ ordinary quantum electrodynamics, i.e.
where N 0 is a normalization factor.
Thus after collecting all these terms, we can write the dual Lagrangian as
where we have suppressed gauge-fixing terms for A µ or B µν . Thus starting from a system containing vortex strings and described by an Abelian Higgs model in the broken phase in which charged fermions are also present, we have arrived at the dual Lagrangian of Eq. (2.20) in which the Kalb-Ramond field B µν [63] couples to a topologically conserved nonlocal tensor current,
with J µ being the conserved electron current. The conserved charge density J 0i for this current can be split into orbital and spin parts, with the spin contribution for nonrelativistic electrons being the intrinsic spin density of the electron,
up to dimensionful constants, when the charge is time-independent and cannot accumulate.
Thus in other words we have a gauge theory in which the gauge potential mediating stringstring interaction couples to the spin current of charged fermions [69] . 
This shows that vortex lines must either form closed loops or be infinitely long (or end at the boundaries of the superconducting region) as the world-sheet current is conserved by itself. This is of course expected as magnetic field lines must either close on themselves or go out to infinity, since there are no magnetic monopoles.
III. INDUCED B ∧ F TERM
In order to see the effect of the nonlocal coupling on the boson-fermion system, let us calculate the quantum corrections at one fermion loop. We will do this by first setting f → 1 , which corresponds to the limit of the flux tubes being very thin. We also redefine 1 v B µν as B µν for convenience of calculations.
The partition function then becomes
where we have written M = qv . The nonlocal term involving M 2 −1 is a mass term for B µν and is sometimes called a Meissner term for that reason [82, 83] .
The nonlocal interaction term between the B µν -field and the fermion can be written as
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as can be seen directly from where it first appeared in Eq. (2.18). For convenience of calculations let us now define an "effective gauge field" A eff µ as A eff
Quantum corrections to the action due to fermion loops are calculated in the standard textbook method [84] , [85] : We expand ψ = ψ 0 + η , where ψ 0 is a solution of the equation of motion δS δψ ψ=ψ 0 = 0 , similarly forψ 0 , then integrate over η ,η to first order in e 2 for one loop,
Here A eff µ is defined as before, while Π(p 2 ) includes the effect of modes up to a cutoff Λ and is given by
, (3.4) for a cutoff Λ. The natural cutoff scale in the system of vortices and electrons is the thickness of the vortex string. This is typically comparable to the atomic scale, so we set Λ m (also |k 2 | m 2 ) to find at the leading order
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ignoring terms of the order of Λ 6 m 6 , Λ 4 k 2 m 2 , Λ 2 k 4 m 6 . We can now write the Lagrangian including the loop correction as
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where we have suppressed terms involving ψ 0 . Recalling the definition of A eff µ , we can write
after taking into account an integration by parts. Writing Z = e 2 24π 2 Λ 4 m 4 , we rewrite the Lagrangian as
If we now rescale A µ → √ 1 + ZA µ and also define the "renormalized charge" e 2 R = e 2 (1 + Z) −1 e 2 (1 − Z) , we obtain the Lagrangian in the form
Here we have written
(1+Z) as the "renormalized mass" of the gauge boson. Note that we can write M R = q R v since all electric charges should be renormalized the same way, so that q R = q √ 1+Z . There is also an induced B ∧ F term with a coefficient which depends on the cutoff Λ.
The coefficient of the induced B ∧ F term is very small and depends on the cutoff, which is in turn determined by the properties of the system. As we shall see now, this term will increase the mass of the gauge fields A µ or B µν . By the mass of the gauge fields we mean the pole of the propagator of the relevant field, which can be calculated either by summing an infinite series or by taking only the part of the Lagrangian quadratic in the fields and eliminating one gauge field in favor of the other. Let us use the second method to find the poles in the propagators, starting with B µν . We separate out the quadratic terms containing
where K µν is the invertible operator g µν − (1 − 1 ξ )∂ µ ∂ ν . We complete the square and write
The integration over A µ provides a normalization factor while the second term gets added to the Lagrangian. The mass term of B µν becomes 1 Let us now see what happens to the propagator of A µ if we integrate out B µν instead.
We start from
where for convenience we have written
We can now perform the integral by completing the square and find
This is added to the action for A µ , so that the quadratic term in the Lagrangian becomes
15)
A similar expression was found in three dimensions in the closely related context of the disorder field [86] in a superconductor, but in the absence of charged fermions. The conclusion there was that at high temperatures, vortex lines proliferate and Meissner effect is destroyed, leaving a long range Coulomb-like interaction with a complicated dispersion relation.
In our case, charged fermions are present and Meissner effect has not been destroyed.
The propagator of the field A µ is
.
The second term in the Green function will disappear when a conserved current couples to it, while the first term can be written as
(3.17)
Unlike the usual mechanism of topological mass generation using a B ∧ F interaction where the massive B µν field is 'dual' to the massive A µ field in the sense that the propagating degrees of freedom can be described equally well by either field, the boson-fermion system shows a distinction between the two alternative descriptions in presence of vortices.
IV. FORCE LAW
Another window to the physics of the system is provided by the force law as experienced by the charged fermions, which we proceed to derive now. We will find it by integrating out both the gauge fields A µ and B µν and then taking the nonrelativistic limit for the fermionic currents. We start by integrating out B µν from the Lagrangian of Eq. (3.9), which includes corrections up to one fermion loop,
where we have written
(4.
2)
The first two terms and fifth term in the integral contribute to the action of A µ , which is now integrated over to get the force law. The integral over A µ now reads
where G µν is the Green function calculated in Eq. (3.16) andJ µ = 1 +
To get the net interaction potential between fermions we now add the third term of Eq. (4.2) to the above integral and convert the result to momentum space.
Finally we are left with the effective current-current interaction
(4.5)
This represents, for the current of non-relativistic fermions, a Yukawa potential in the leading order along with a very small Coulomb correction. The expression (4.3) also includes the vortex-vortex and vortex-fermion interaction terms and combining them with the relevant
which gives the interaction between two vortex lines and
which gives the vortex-fermion interaction. Since in the non-relativistic static limit we can write ε 0ijk ∂ j 1 J k ∼ S i , the spin magnetic moment density of a static electron, the above expression gives an effective vortex-spin interaction.
V. CONCLUSION
In this paper we analyzed the interaction of vortices in an Abelian Higgs model with charged fermions. This may be thought of as a field theoretic description of a type II superconductor with thin tubes of magnetic flux, in which unpaired electrons coexist with the charged pairs and interact electromagnetically through their minimal coupling with the photon. Dual formulation of the system using the four dimensional relativistic theory leads to a nonlocal interaction term between the antisymmetric tensor field and fermions, equivalent to a gauge field coupled to the spin density current of the fermions. This provides a post-facto justification of working with a relativistic formulation in four dimensions, for the spin of fermions appears naturally in it.
One motivation of this work was to see if the vortex-electron interaction could give rise, in the dual picture, to the nonlocal coupling of the two-form field with electrons proposed earlier in [69] . We found this, as an 'emergent' interaction involving the spin current of the electrons that does not appear in the original way of writing the model but emerges in the process of dualization. Often the dual picture of the Abelian Higgs model in the context of a type II superconductor is studied as a nonrelativistic field theory (often in two spatial dimensions), leading to the disorder field [86, 87] , analogous to the antisymmetric tensor potential. We note however that since spin has to be introduced by hand in a non-relativistic theory, this interaction with the spin current would not have emerged from the non-relativistic field theory calculations usually done for superconductors.
We have also found, as had been shown earlier, that this interaction generates a B ∧ F term in one-loop effective action. This increases the mass of both gauge fields A µ and B µν , which should decrease the penetration depth. It was also shown earlier that the nonlocal interaction gives rise to a linear attractive potential between two non-relativistic fermions [88] and thus spatially localized fermion pairs would appear. We will investigate this phenomenon in future work. Here we have found something else -a Coulomb potential between two charges, corresponding to a medium with a very high dielectric constant κ ∼ (2Z) −1 . Thus we see from general principles that a material, otherwise a type II superconductor, will gain characteristics of a dielectric if unpaired electrons appear in it.
We have also found the general forms of vortex-vortex and fermion-vortex interactions
for this system. It should be possible to reduce our calculations to 2+1 dimensions and find the effective vortex-fermion, fermi-fermi, and vortex-vortex interactions in planar type II superconductors with unpaired electrons. It is also possible to consider temperature dependence of the coupling constants and investigate critical phenomena in the vortexelectron system in the dual picture presented in this paper. We leave these for future work.
